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APPLICATIONS OF HOFER’S GEOMETRY TO
HAMILTONIAN DYNAMICS
URS FRAUENFELDER AND FELIX SCHLENK
Abstract. We prove the following three results in Hamiltonian
dynamics.
• The Weinstein conjecture holds true for every displaceable
hypersurface of contact type.
• Every magnetic flow on a closed Riemannian manifold has
contractible closed orbits for a dense set of small energies.
• Every closed Lagrangian submanifold whose fundamental group
injects and which admits a Riemannian metric without closed
geodesics has the intersection property.
The proofs all rely on the following creation mechanism for closed
orbits: If the ray {ϕt
H
}, t ≥ 0, of Hamiltonian diffeomorphisms gen-
erated by a sufficiently nice compactly supported time-independent
Hamiltonian stops to be a minimal geodesic in its homotopy class,
then a non-constant contractible closed orbit must appear.
1. Results
We consider an arbitrary smooth symplectic manifold (M,ω). A hyper-
surface S in M is a smooth compact connected orientable codimension
1 submanifold of M \ ∂M without boundary. A closed characteristic
on S is an embedded circle in S all of whose tangent lines belong to
the distinguished line bundle
LS = {(x, ξ) ∈ TS | ω(ξ, η) = 0 for all η ∈ TxS} .
Examples show that LS might not carry any closed characteristic, see
[9, 10]. We therefore follow [15] and consider parametrized neighbour-
hoods of S. Since S is orientable, there exists an open neighbourhood
I of 0 and a smooth diffeomorphism
ψ : S × I → U ⊂M
such that ψ(x, 0) = x for x ∈ S. We call ψ a thickening of S, and we
abbreviate Sǫ = ψ (S × {ǫ}). We denote by P
◦ (Sǫ) the set of closed
characteristics on Sǫ which are contractible in M . Let Hc(M) be the
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set of smooth functions [0, 1] × M → R whose support is compact
and contained in [0, 1] × (M \ ∂M). The Hamiltonian vector field of
H ∈ Hc(M) defined by
ω (XHt , ·) = −dHt (·)
generates a flow ϕtH . The set of time-1-maps ϕH form the group
Hamc(M,ω) := {ϕH | H ∈ Hc(M)}
of compactly supported Hamiltonian diffeomorphisms of (M,ω). We
call a subset A of (M,ω) displaceable if there exists ϕ ∈ Hamc(M,ω)
such that ϕ(A) ∩ A = ∅. Our basic result is
Theorem 1.1. Assume that S is a displaceable hypersurface in a sym-
plectic manifold (M,ω). Then for any displaceable thickening ψ : S ×
I → U ⊂M the set {ǫ ∈ I | P◦ (Sǫ) 6= ∅} is dense in I.
Theorem 1.1 should be compared with the Hofer–Zehnder Theorem
[16, 17, 29] stating that for any thickening ψ : S × I → U ⊂ M for
which the Hofer–Zehnder capacity cHZ(U) is finite the hypersurface Sǫ
carries a closed characteristic for almost all ǫ ∈ I. We shall draw three
applications from Theorem 1.1.
1. The Weinstein conjecture
A hypersurface S in (M,ω) is called of contact type if there exists
a Liouville vector field X (i.e., LXω = dιXω = ω) which is defined
in a neighbourhood of S and is everywhere transverse to S. Wein-
stein conjectured in [39] that every hypersurface S of contact type
with H1(S;R) = 0 carries a closed characteristic.
Corollary 1.2. Assume that S ⊂ (M,ω) is a displaceable hypersurface
of contact type. Then P◦(S) 6= ∅. In particular, the Weinstein conjec-
ture holds true for every displaceable hypersurface of contact type.
Proofs of the Weinstein conjecture for all hypersurfaces of contact
type of special classes of symplectic manifolds have been found in [36,
15, 13, 6, 14, 18, 26, 37, 24, 38, 2, 23, 25]. Corollary 1.2 generalizes the
results in [36, 15, 6, 38, 23], where the ambient symplectic manifold is
of the form (M ×R2, ω ⊕ ω0). Under the additional assumption that
(M,ω) satisfies [ω]|π2(M) = 0 and is convex, Corollary 1.2 has been
proved in [7].
2. Closed trajectories of a charge in a magnetic field
Consider a Riemannian manifold (N, g) of dimension at least 2, and let
ω0 =
∑
i dpi ∧ dqi be the standard symplectic form on the cotangent
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bundle T ∗N . The motion of a unit charge on (N, g) subject to a mag-
netic field can be described as the Hamiltonian flow of the Hamiltonian
system
(1) H : (T ∗N, ωσ)→ R, H(q, p) 7→
1
2
|p|2 ,
where σ is the closed 2-form on N representing the magnetic field and
where ωσ is the twisted symplectic form ωσ = ω0+π
∗σ. A trajectory of
a charge on (N, g) in the magnetic field σ has constant speed, and closed
trajectories γ on N of speed c > 0 correspond to closed orbits of (1)
on the energy level Ec = {H = c
2/2}. An old problem in Hamiltonian
mechanics asks for closed orbits on a given energy level Ec, see [8]. We
denote by P◦ (Ec) the set of closed orbits on Ec which are contractible
in T ∗N and hence project to contractible closed trajectories on N .
Corollary 1.3. Consider a closed Riemannian manifold (N, g) en-
dowed with a closed 2-form σ which does not vanish identically. There
exists d > 0 such that P◦ (Ec) 6= ∅ for a dense set of c ∈ ]0, d[.
The number d > 0 has a geometric meaning: If the Euler character-
istic χ(N) vanishes, d is the supremum of the real numbers c for which
the sublevel set
Hc =
{
(q, p) ∈ T ∗N | H(q, p) = 1
2
|p|2 ≤ c
}
is displaceable in (T ∗N, ωσ), and if χ(N) does not vanish, d is defined
via stabilizing (1) by (T ∗S1, dy ∧ dx) → R, (x, y) 7→ 1
2
|y|2. Corol-
lary 1.3 generalizes various other results on closed orbits of magnetic
flows on small energy levels: The existence of a sequence c → 0 with
P◦ (Ec) 6= ∅ has been proved by Polterovich [34] and Macarini [27]
under the assumption that [σ]|π2(M) = 0 and by Ginzburg–Kerman
[11] under the assumption that σ is symplectic. If σ is symplectic and
[σ]|π2(M) = 0, Corollary 1.3 has been proved in [3]. For exact forms [7]
and rational symplectic forms [10, 27, 28] it is known that P◦(Ec) 6= ∅
for almost all sufficiently small c > 0, and if σ is symplectic and com-
patible with g, then P◦(Ec) 6= ∅ for all sufficiently small c > 0, see [19].
We refer to [8] and [7, Section 12.4] for more details on the state of
the art of the existence problem for closed trajectories of a charge in a
magnetic field.
3. Lagrangian intersections
A middle-dimensional submanifold L of (M,ω) is called Lagrangian
if ω vanishes on L. According to a celebrated theorem of Gromov,
[12, 2.3.B′3], a closed Lagrangian submanifold L ⊂ M \ ∂M with
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[ω]|π2(M,L) = 0 is not displaceable. The following result generalizes
Theorem 1.4.A in [21] and Theorem 13.1 in [7].
Corollary 1.4. Assume that L ⊂ M \ ∂M is a closed Lagrangian
submanifold of (M,ω) such that
(i) the injection L ⊂M induces an injection π1(L) ⊂ π1(M);
(ii) L admits a Riemannian metric none of whose closed geodesics
is contractible.
Then L is not displaceable.
Acknowledgements. We cordially thank Leonid Polterovich for point-
ing out to us that the use of functions as in the figure below in his
approach to closed orbits of a charge in a magnetic field will provide
a result like Corollary 1.3. This paper was written during the second
authors stay at Tel Aviv University in April 2003. He wishes to thank
Hari and Harald and TAU for their warm hospitality.
2. Proofs
Proof of Theorem 1.1: We closely follow Polterovich’s beautiful argu-
ment in [34, Section 9.A]. We fix ǫ0 ∈ I and choose δ > 0 so small that
[ǫ0−2δ, ǫ0+2δ] ⊂ I. Let f : R→ [0, 1] be a smooth function such that
f(ǫ) = 0 if ǫ /∈ ]ǫ0 − 2δ, ǫ0 + 2δ[, f(ǫ) = 1 if ǫ ∈ [ǫ0 − δ, ǫ0 + δ],
and
f ′(ǫ) > 0 if ǫ ∈ ]ǫ0 − 2δ, ǫ0 − δ[, f
′(ǫ) < 0, if ǫ ∈ ]ǫ0 + δ, ǫ0 + 2δ[,
see the figure below. PSfrag replacements
ǫ
ǫ0ǫ0 − 2δ ǫ0 − δ ǫ0 + δ ǫ0 + 2δ
f(ǫ)
1
We define the time-independent Hamiltonian F ∈ Hc (M) by
F (x) =
{
f(ǫ) if x ∈ Sǫ,
0 otherwise.
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The norm ‖H‖ of H ∈ Hc(M) is defined as
‖H‖ =
∫ 1
0
(
sup
x∈M
H(t, x)− inf
x∈M
H(t, x)
)
dt.
We say that H,K ∈ Hc(M) are equivalent, H ∼ K, if ϕH = ϕK and
the paths {ϕtH}, {ϕ
t
K}, t ∈ [0, 1], are homotopic with fixed end points.
Following [34] we set
µ (F, s) = inf {‖H‖ | H ∼ sF} , s ≥ 0,
and define the asymptotic non-minimality µ(F ) of F as
µ(F ) = lim
s→∞
µ (F, s)
‖F‖
.
Then µ(F ) ∈ [0, 1]. Since the support of F is displaceable, it follows
from [1, Theorem 3.3.A] or [35, Theorem 8.3.A] that
µ(F ) ≤
1
2
,
see also [20]. On the other hand, our choice of F guarantees that the
Hessian of F at any of its critical points vanishes. If the flow ϕsF , s ≥ 0,
had no non-constant contractible closed orbit, then sF were “slow” for
every s ≥ 0 in the terminology of [31], and so, according to Theorem 1.4
in [31],
µ(F ) = 1,
see also [5, 30, 32]. This contradiction shows that the flow ϕsF has a non-
constant contractible closed orbit, and so there exists ǫ ∈ ]ǫ0−2δ, ǫ0+2δ[
such that P0 (Sǫ) 6= ∅. Since ǫ0 ∈ I and δ > 0 sufficiently small were
arbitrary, Theorem 1.1 follows. ✷
Proof of Corollary 1.2: Choose ǫ > 0 so small that the local flow ψt
of the Liouville vector field X defined near S exists for all t ∈ ]− ǫ, ǫ[.
Then ψt induces a bijection P
◦ (S)→ P◦ (ψt(S)), x 7→ ψtx, see [17, p.
122]. Corollary 1.2 thus follows from Theorem 1.1. ✷
Proof of Corollary 1.3: We closely follow [7, Section 12.1]. Let (N, g)
and (T ∗N, ωσ) be as in Corollary 1.3. Since σ does not vanish, dimN ≥
2, and so every energy level Ec = {H = c
2/2}, c > 0, is a connected
hypersurface. Let χ(N) be the Euler characteristic of N .
Case 1. χ(N) = 0. We define d ∈ [0,∞[ ∪{∞} by
d = d(g, σ) = sup {c ≥ 0 | Hc is displaceable in (T ∗N, ωσ)} .
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Notice that
d = sup {c ≥ 0 | Ec is displaceable in (T
∗N, ωσ)} .
Since σ 6= 0, the zero section N of T ∗N is not Lagrangian, and so a
remarkable theorem of Polterovich [33, 22] implies that d > 0. We can
assume without loss of generality that d is finite.† Corollary 1.3 follows
from applying Theorem 1.1 to S = Ed/2 and a thickening
ψ : S × ]−d/2, d/2[ →
⋃
0<c<d
Ec
such that ψ (S × {ǫ}) = Eǫ+d/2.
Case 2. χ(N) 6= 0. In this case the zero section N is not displace-
able for topological reasons. We use a stabilization trick used before
by Macarini [27]. Let S1 be the unit circle, and denote canonical co-
ordinates on T ∗S1 by (x, y). We consider the manifold T ∗ (N × S1) =
T ∗N × T ∗S1 endowed with the split symplectic form ω = ωσ ⊕ ωS1,
where ωS1 = dy∧dx. Then N×S
1 is not Lagrangian, and χ (N × S1) =
0. Let
H1(q, p) =
1
2
|p|2, H2(x, y) =
1
2
|y|2, H(q, p, x, y) = 1
2
|p|2 + 1
2
|y|2
be the metric Hamiltonians on T ∗N , T ∗S1 and T ∗N×T ∗S1. In order to
avoid confusion, we denote their energy levels by Ec(H1), Ec(H2) and
Ec(H). Repeating the argument given in Case 1 for the Hamiltonian
system
(2) H :
(
T ∗N × T ∗S1, ω
)
→ R
and
d = d(g, σ) = sup
{
c ≥ 0 | Hc is displaceable in
(
T ∗N × T ∗S1, ω
)}
we find that P◦ (Ec(H)) 6= ∅ for a dense set of c ∈ ]0, d[. Fix c ∈ ]0, d[
such that P◦ (Ec(H)) 6= ∅. Since the Hamiltonian system (2) splits,
a contractible closed orbit x(t) on Ec(H) is of the form (x1(t), x2(t)),
where x1 is a contractible closed orbit on Ec1(H1) and x2 is a con-
tractible closed orbit on Ec2(H2) and c1 + c2 = c. Since the only con-
tractible orbits of H2 : T
∗S1 → R are the constant orbits on E0(H2),
we conclude that c2 = 0 and c1 = c, and so x1 ∈ P
◦ (Ec(H1)). The
proof of Corollary 1.3 is complete. ✷
†If σ is exact, then d(g, σ) is not larger than Mane´’s critical value and in particular
finite, see [7, Section 12.2]. If σ is the area form on the flat 2-torus T 2, then(
T ∗T 2, ωσ
)
is symplectomorphic to
(
T 2, σ
)
×
(
R
2, ω0
)
, see [4, Section 2.4.B], and
so d(g, σ) =∞.
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Proof of Corollary 1.4: Arguing by contradiction we assume that L
and hence a neighbourhood U of L in M is displaceable. We choose a
Riemannian metric as in (ii) and denote by |p| the length of a cov-
ector (q, p) ∈ T ∗L. By Weinstein’s Theorem we find ǫ > 0 such
that a neighbourhood of L in U can be symplectically identified with
T ∗2ǫL = {(q, p) ∈ T
∗L | |p| < 2ǫ}. Then Sǫ = {(q, p) ∈ T
∗
2ǫL | |p| = ǫ}
is a displaceable hypersurface of contact type, and hence, by Corol-
lary 1.2, carries a closed characteristic which is contractible in M . It
corresponds to a closed orbit of the geodesic flow on Sǫ which is con-
tractible in M . According to (i) and (ii) such orbits to not exist,
however. ✷
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